Conformal inflation in the metric-affine geometry by Mikura, Yusuke et al.
ar
X
iv
:2
00
8.
00
62
8v
1 
 [h
ep
-th
]  
3 A
ug
 20
20
Conformal inflation in the metric-affine geometry
Yusuke Mikura∗ and Yuichiro Tada†
Department of Physics, Nagoya University, Nagoya 464-8602, Japan
Shuichiro Yokoyama‡
Kobayashi Maskawa Institute, Nagoya University, Chikusa, Aichi 464-8602, Japan and
Kavli IPMU (WPI), UTIAS, The University of Tokyo, Kashiwa, Chiba 277-8583, Japan
(Dated: August 4, 2020)
Systematic understanding for classes of inflationary models is investigated from a viewpoint of
the local conformal symmetry and the slightly broken global symmetry in the framework of the
metric-affine geometry. In the metric-affine geometry, which is a generalization of the Riemannian
one adopted in the ordinary General Relativity, the affine connection is an independent variable
of the metric rather than given e.g. by the Levi-Civita connection as its function. Thanks to this
independency, the metric-affine geometry can preserve the local conformal symmetry in each term
of the Lagrangian contrary to the Riemannian geometry, and then the local conformal invariance
can be compatible with much more kinds of global symmetries. As simple examples, we consider
the two-scalar models with the broken SO(1, 1) or O(2), leading to the well-known α-attractor or
natural inflation respectively. The inflaton can be understood as their pseudo Nambu-Goldstone
boson.
INTRODUCTION
Since the advent of the concept of cosmic inflation,
hundreds of theoretical models have been studied for its
realization, though a unanimous understanding is yet to
be obtained. Amongst these vast numbers of inflation-
ary models, recent remarkable progress of cosmological
observations represented by the precise measurement of
the cosmic microwave background (CMB) by the Planck
collaboration has been revealing the favored classes of
inflation [1]. One of them is a class of the first attempt
to inflation by Starobinsky [2]. A possible generalization
of this class is recently called α-attractor [3–5], in which
the effective potential for the canonical scalar (inflaton)
ϕ has a form of
V (ϕ) ∼ Λ4 tanh2n
(
ϕ√
6α
)
, n = 1, 2, 3, · · · . (1)
This class of inflationary models uniformly predicts the
scalar spectral index n
S
and the tensor-to-scalar ratio r
as [4]
n
S
:=
d logPζ
d log k
≃ 1− 2
N
, r :=
Ph
Pζ ≃
12α
N2
, (2)
independently of n for small α, where Pζ and Ph denote
the primordial scalar and tensor power spectra respec-
tively and N is the number of e-folds of inflation. They
are well consistent with the Planck 2018’s 2σ constraints
n
S
|k=0.05Mpc−1 = 0.9649± 0.0084 and r|k=0.002Mpc−1 <
0.056 [1] for N ∼ 50–60 and α . 10 (Starobinsky’s model
corresponds with α = 1). Another possibility, natural
inflation [6] where the potential is given by the periodic
form
V (ϕ) ∼ Λ4
(
1− cos ϕ
f
)
, (3)
is also marginally consistent with the Planck’s constraint
if f ∼ 7 (in Planck mass unit).
The further advantage of the α-attractor is its compat-
ibility with the local conformal symmetry. The confor-
mal or scale invariance is an important concept in many
physical contexts including cosmology (see, e.g., Ref. [7]
). We have however found neither the scale invariance
nor the corresponding massless Nambu-Goldstone (NG)
mode at low energy, so it must be broken explicitly or
implemented as a local symmetry. The local conformal
symmetry is also helpful for, e.g., supergravity embed-
ding [8, 9]. Inflation with the local conformal symme-
try called conformal inflation has been studied well (see,
e.g., Refs. [10, 11]), and the α-attractor in this context
can be understood as the pseudo NG mode of the ad-
ditional global symmetry with a small explicit breaking,
so that the inflaton’s potential is protected to be flat.
However the local conformal invariance restricts the re-
lation between the scalar kinetic term and its coupling
to the Ricci scalar in the ordinary Riemannian geometry
and thus the idea of conformal inflation cannot be freely
generalized to other global symmetry groups. In fact nat-
ural inflation, which is also interpreted as the pseudo NG
mode, cannot be implemented in a local-conformal way
(see Ref. [12] for an attempt to implement natural in-
flation in the local-conformal action by introducing the
dynamical Weyl gauge field.)
In this Letter we show that these two classes of in-
flation: α-attractor and natural inflation can be sys-
tematically understood by the local conformal symmetry
and the slightly broken global symmetry in the frame-
work of the metric-affine geometry where the metric
and affine connection are treated as independent vari-
ables. This generalized geometry implies a possibility
that many kinds of inflation could be further unified or
some novel class of inflation could be developed in the
2context of the local conformal invariance. Throughout
this paper, we adopt the Planck unit c = ~ = MPl = 1
and the sign of the Minkowski metric is defined by
ηµν = diag(−1, 1, 1, 1).
THE METRIC-AFFINE GEOMETRY AND THE
LOCAL CONFORMAL TRANSFORMATION
In the usual General Relativity, the (pseudo-) Rieman-
nian geometry is adopted, where only the metric g is an
independent variable and the affine connection Γ is given
e.g. by the Levi-Civita connection as
Γρµν(g) =
1
2
gρλ(∂µgνλ + ∂νgµλ − ∂λgµν). (4)
The local conformal transformation in this geometry is
defined as the change of metric by a scalar factor at each
spacetime point as1
gµν → g˜µν = e−2σ(x)gµν , (5)
accompanied by the corresponding transformation of the
Levi-Civita connection. Due to this non-trivial transfor-
mation of the connection, the Ricci scalar is not covariant
under this transformation as
R(g)→ R˜(g) = e2σ(x)
(
R(g)− 6eσ(x)e−σ(x)
)
, (6)
in the 4-dim. spacetime. One thus often introduces an-
other transforming scalar field S,
gµν → g˜µν = e−2σ(x)gµν , S → S˜ = eσ(x)S, (7)
to construct a Lagrangian, which is locally conformal in-
variant, as
L ⊃ √−g
(
1
12
S2R(g) +
1
2
gµν∂µS∂νS
)
. (8)
Thanks to the kinetic term of the scalar field, one can
cancel the extra σ-derivatives in Eq. (6). In addition, by
introducing the non-minimal coupling between the scalar
field and Ricci scalar, the extra scalar factor in
√−gR
can be canceled. One may also add the quartic potential
−√−g 14λS4 which has also local conformal invariance.
The Einstein gravity here can be understood as a par-
ticular gauge choice S =
√
6 of the local conformal sym-
metry, which could be seen as one variety of the induced
gravity scenario [13, 14]. The scalar S appears inevitably
1 Strictly speaking, this metric transformation should be called
the Weyl transformation, while the conformal transformation
means the change of the coordinate. Nevertheless we refer to
this metric transformation as the conformal transformation in
this work, following the convention of the community.
as a ghost in this context because the proportion of coeffi-
cient of each term in Eq. (8) should be specified to cancel
the σ-derivatives and then S’s kinetic term exhibits the
wrong sign. This is not problematic in itself as S is a
“fixed” degrees of freedom (DoF) and removed from the
theory. However then one cannot obtain any non-trivial
structure in this minimal setup. One may add another
scalar DoF to the theory but the coefficients of their non-
minimal couplings and kinetic terms are still restrictive.
On the other hand one can generalize the geometry
to the so-called metric-affine one where both the met-
ric and the affine connection are treated as independent
variables (see, e.g., [15–20] and references therein). If the
gravity part is dictated only by the Einstein-Hilbert ac-
tion, the Lagrangian constraint restricts the connection
to the Levi-Civita’s one with the torsion-free condition
as a gauge choice and the two geometries do not lead
to any difference. In general, the metric-affine geometry
however exhibits different physics from the Riemannian
even if the action takes the same form.
In the metric-affine geometry, the connection is left
unaffected under the conformal transformation as an in-
dependent DoF of the metric:
gµν → g˜µν = e−2σ(x)gµν , Γµαβ → Γ˜µαβ = Γµαβ .
(9)
As the Riemann tensor is a function only of the connec-
tion, it obviously leads to the covariant Ricci scalar:
R(g,Γ) = gµνRµν(Γ)→ R(g˜, Γ˜) = e2σ(x)R(g,Γ). (10)
Its large benefit is that the non-minimal coupling term√−gS2R(g,Γ) exhibits the local conformal invariance by
itself without specifying the kinetic term of the scalar S.
The conformal invariance of the kinetic term can be also
restored in itself by replacing the ordinary derivatives by
the covariant ones defined by [21]
Dµ := ∂µ − 1
8
Qµ, (11)
with the non-metricity [16]
Qµ = g
αβQµαβ := −gαβ∇µgαβ. (12)
One then finds that this derivative transforms covariantly
as
DµS → D˜µS˜ = eσ(x)DµS. (13)
To put it short, in the metric-affine geometry, each of the
non-minimal coupling term
√−gS2R(g,Γ), the scalar ki-
netic term
√−ggµνDµSDνS, and the possible potential
term
√−gS4 has independently local conformal invari-
ance.
3To clarify the role of the non-metricity Qµ, the con-
nection transformation called projective transformation
peculiar to the metric-affine geometry [21, 22]
Γµαβ → Γ˜µαβ = Γµαβ + δµαξβ(x), (14)
is useful. It can be easily proven that the Ricci scalar
is invariant as R˜(g, Γ˜) = R(g,Γ) under the projective
transformation, while the non-metricity changes as
Qµ → Q˜µ = Qµ + 8ξµ. (15)
Without any explicit Qµ-term in the Lagrangian, the ac-
tion thus enjoys the local projective invariance and the
non-metricity is a mere gauge choice, which ensures that
one can arbitrarily choose Qµ and adopt, e.g., the metric-
compatible connection: Qµ = 0. If the action is consti-
tuted only by the Einstein-Hilbert one with minimally
coupled matters, the stationary constraint on the con-
nection with this gauge choice leads to the ordinary Levi-
Civita connection and the metric-affine geometry coin-
cides with the Riemann formulation [23]. On the other
hand, the explicit Qµ-term breaks the local projective
invariance and Qµ is recognized as a physical (but non-
dynamical) DoF. Nonetheless, since the Ricci scalar (and
trivially the potential term) has the projective invariance,
it does not influence the Qµ’s stationary solution and
the non-metricity can be integrated out only through the
conformal kinetic term. We refer the reader to Table I
for a list of the transformation laws both in the Rieman-
nian and metric-affine geometries as a summary of this
section.
CONFORMAL INFLATION
In the previous section, we saw that, in the metric-
affine geometry, an arbitrary combination of the non-
minimal coupling
√−gS2R(g,Γ), the scalar kinetic term√−gDµSDµS, and its potential √−gS4 exhibits the lo-
cal conformal invariance. However this scalar DoF S
could be removed by the gauge fixing of the conformal
symmetry as, e.g., S = const., where the action is re-
duced to the mere Einstein-Hilbert one with a cosmo-
logical constant after integrating out Qµ. One minimal
extension is thus adding another scalar to preserve one
inflaton DoF as we investigate below.
Global symmetry
We further impose an additional global symmetry on
the two scalar fields φ and χ to keep the inflaton’s effec-
tive potential flat. As a first example, let us start with
the most general Lagrangian which respects both the lo-
cal conformal and the global SO(1, 1) symmetry:
L = √−g
[
1
12α
(χ2 − φ2)R(g,Γ) + 1
2
DµχD
µχ
−1
2
DµφD
µφ− 1
4
λ(χ2 − φ2)2
]
, (16)
with arbitrary coupling constants α and λ (the particular
notation of the coefficient 1/12α is for later convenience).
We note that, contrary to the ordinary Riemannian ge-
ometry, α is not necessarily fixed to unity as each term
independently respects the local conformal invariance in
the metric-affine geometry. Making use of the local con-
formal symmetry, it can be simplified by fixing the scalars
to, e.g., χ2−φ2 = 6α called rapidity gauge [4, 11]. It uni-
fies the two scalars to one canonical field ϕ through
χ =
√
6α cosh
ϕ√
6α
, φ =
√
6α sinh
ϕ√
6α
, (17)
and the model we consider is expressed as
L = √−g
[
1
2
R(g,Γ)− 1
2
∂µϕ∂
µϕ+
3α
64
QµQ
µ − 9λα2
]
.
(18)
Qµ’s stationary solution is trivial as Qµ = 0 and one
obtains the Lagrangian for a free massless scalar ϕ with
a cosmological constant Λ4 := 9λα2 as
L = √−g
[
1
2
R(g,Γ|Qµ=0)−
1
2
∂µϕ∂
µϕ− Λ4
]
. (19)
It can be also checked with another gauge choice, e.g.,
the conformal gauge χ =
√
6α. In this gauge, the La-
grangian first reads
L = √−g
[
1
2
(
1− φ
2
6α
)
R(g,Γ) +
3α
64
QµQ
µ
−1
2
DµφD
µφ− 9λα2
(
1− φ
2
6α
)2]
. (20)
This so-called Jordan frame expression can be simplified
to the Einstein frame by the conformal redefinition of the
metric: gµν →
(
1− φ26α
)
gµν (but leaving other variables
including the connection Γ unaffected in the metric-affine
geometry) as
L = √−g
[
1
2
R(g,Γ) +
3α
64
QµQ
µ
−1
2
1
(1− φ2/6α)2 ∂µφ∂
µφ− Λ4
]
. (21)
Taking the constraint Qµ = 0 into account, this La-
grangian again boils down to the canonical free scalar
ϕ :=
√
6α tanh−1 φ√
6α
with a cosmological constant Λ4 =
9λα2.
4Riemannian Metric-affine
Conformal trans.
gµν → g˜µν = e
−2σ(x)
gµν
S → S˜ = eσ(x)S
Γ˜ρµν = Γ
ρ
µν − δ
ρ
µ∂νσ − δ
ρ
ν∂µσ + gµνg
ρλ
∂λσ
R˜ = e2σ(R− 6eσe−σ)
∂µS˜ = e
σ(∂µS + S∂µσ)
Γ˜ρµν = Γ
ρ
µν
R˜ = e2σR
Q˜µ = Qµ + 8∂µσ
D˜µS˜ = e
σ
DµS
Projective trans.
Γµαβ → Γ˜
µ
αβ = Γ
µ
αβ + δ
µ
αξβ
R˜ = R
Q˜µ = Qµ + 8ξµ
TABLE I. The transformation laws of variables in the ordinary Riemannian geometry and the metric-affine geometry.
This is not a characteristic feature only of the SO(1, 1)
symmetry. In the metric-affine geometry, one can instead
impose, e.g., the global O(2) symmetry as
L = √−g
[
1
8f2
(φ2 + χ2)R(g,Γ)− 1
2
DµφD
µφ
−1
2
DµχD
µχ− 1
4
λ(φ2 + χ2)2
]
, (22)
with arbitrary parameters f and λ (again the notation
1/8f2 is for later convenience). Taking the rotational
gauge φ2 + χ2 = 4f2 by
φ = 2f cos
ϕ
2f
, χ = 2f sin
ϕ
2f
, (23)
one then easily finds that it also dictates the free massless
scalar with a cosmological constant.
We saw that both the exact SO(1, 1) and O(2) symme-
try equally lead to the free massless scalar with a cosmo-
logical constant. However once they are explicitly bro-
ken, they derive the two different inflationary models,
both of which are well-motivated by the CMB observa-
tion, as we will see in the next subsection.
Breaking the global symmetry
To make the inflaton potential slightly tilted, let us in-
troduce a small explicit breaking to the global symmetry,
keeping the local conformal symmetry. First the broken
SO(1, 1) model can be given, e.g., by
L = √−g
[
1
12α
(χ2 − φ2)R(g,Γ) + 1
2
DµχD
µχ
−1
2
DµφD
µφ− 1
36α2
F
(
φ
χ
)
(χ2 − φ2)2
]
, (24)
where F is an arbitrary function. Its coefficient 1/36α2 is
just for later convenience. As this model still has a local
conformal symmetry, one can again fix the scalar fields as
a gauge choice. In the rapidity gauge χ2− φ2 = 6α (17),
it reads
L = √−g
[
1
2
R(g,Γ)− 1
2
∂µϕ∂
µϕ+
3α
64
QµQ
µ
−F
(
tanh
ϕ√
6α
)]
, (25)
and the stationary solution Qµ = 0 eventually leads to
L=√−g
[
1
2
R(g,Γ|Qµ=0)−
1
2
∂µϕ∂
µϕ−F
(
tanh
ϕ√
6α
)]
.
(26)
It is nothing but the well-known α-attractor infla-
tion with the monomial potential F (x) = x2n (n =
1, 2, 3, · · · ) [4].2 Intriguingly in the metric-affine geom-
etry, the α parameter can be easily (and inevitably in
a general Lagrangian) introduced as a coupling constant
of the non-minimal coupling, thanks to the feature that
the local conformal invariance can hold in each term in-
dependently. In the conformal gauge χ =
√
6α, one can
also see its another aspect as the pole inflation [30, 31]
as
L=√−g
[
1
2
R(g,Γ|Qµ=0)−
1
2
∂µφ∂
µφ
(1 − φ2/6α)2−F
(
φ√
6α
)]
.
(27)
Not only the α-attractor, one can realize other infla-
tionary models in a similar framework because there is no
longer restrictive relation between the non-minimal cou-
plings and the scalar kinetic terms in the metric-affine
2 Higgs inflation [24] which corresponds to φ4-chaotic inflation
model with non-minimal coupling to gravity (see Ref. [25] for its
generalization) is well known to give very similar observational
predictions to Starobinsky’s model in the Riemannian geome-
try. Interestingly, such a Higgs-like inflation in the metric-affine
geometry/Palatini formalism can be almost equivalent to the α-
attractor model [26–28] (see Ref. [29] for its generalization).
5geometry. If one considers the broken O(2) model as
L = √−g
[
1
8f2
(φ2 + χ2)R(g,Γ)− 1
2
DµφD
µφ
−1
2
DµχD
µχ− 1
16f4
F (φ/χ)(φ2 + χ2)2
]
, (28)
the rotational gauge (23) leads to
L = √−g
[
1
2
R(g,Γ)− 1
2
∂µϕ∂
µϕ− f
2
32
QµQ
µ
−F
(
1
/
tan
ϕ
2f
)]
. (29)
For e.g. F (x) = 2Λ4/(1 + x2),3 one obtains the natural
inflation in this case [6]:
L=√−g
[
1
2
R(g,Γ|Qµ=0)−
1
2
∂µϕ∂
µϕ−Λ4
(
1− cos ϕ
f
)]
.
(30)
Contrary to the axion-type natural inflation, the “decay”
constant f need not be smaller than the Planck scale and
thus it can be easily compatible with the CMB observa-
tion, that is, one can naturally take f ∼ 7.
CONCLUSIONS
In this Letter, we investigated systematic understand-
ing for classes of the inflationary models from a view-
point of the local conformal symmetry with a slightly
broken global symmetry in the metric-affine geometry.
Contrary to the Riemannian geometry adopted in gen-
eral relativity, the metric-affine geometry regards both
the metric and the affine connection as independent vari-
ables. Consequently the Ricci curvature transforms co-
variantly and each term in the Lagrangian can preserve
the local conformal invariance by itself, introducing the
covariant derivative DµS =
(
∂µ − 18Qµ
)
S for a scalar
S with the non-metricity Qµ = −gαβ∇µgαβ. This al-
lows much richer structures for theories with further lo-
cal/global symmetries. As simple examples we showed
that the well-known α-attractor and natural inflation can
be systematically derived by the slightly broken SO(1, 1)
and O(2) global symmetries, respectively.
Our discussions are not restrictive to these two spe-
cific examples. Noting the covariant transformations
of curvature tensors Rµν(Γ) → Rµν(Γ) and R(g,Γ) →
3 Though its form seems artificial, its boundedness is necessary for
the “small” explicit breaking of O(2), contrary to the α-attractor
case where φ =
√
6α tanh ϕ√
6α
itself is already bounded. In
fact it is not unnatural as it reads the ordinary renormalizable
potential V (φ, χ) ∝ χ2(φ2 + χ2) in terms of φ and χ.
e2σ(x)R(g,Γ) under the local conformal transformation
gµν → e−2σ(x)gµν , one can construct a higher order the-
ory of these curvature variables represented by Starobin-
sky’s inflation [2] in a conformal-invariant way. There
the quadratic term in the (anti-symmetric) Ricci tensor
R[µν] = (Rµν −Rνµ)/2 reads the kinetic term of the non-
metricity Qµ and thus it is naturally accounted as a dy-
namical variable known as the Weyl gauge field, though
it could have a Planck-scale mass and be irrelevant to in-
flation and low energy physics [32, 33]. Also, once the
scalar kinetic term is written in the covariant deriva-
tive as X = −DµSDµS/2, its covariant transformation
X → e2σ(x)X inspires one to consider a non-canonical
kinetic-term theory L = P (X,S) with the local confor-
mal invariance as a generalization of k-inflation [34]. We
leave such interesting possibilities for future works.
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